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Pseudorange

ρa→u ≜ c

t.o.f.︷ ︸︸ ︷(
t
(u)
r − t

(a)
e

)

= c (tr − te) + c (τu − τa)

= ∥a− xu∥+ βu − βa

xua
(. . . , t(a)e , . . . )

Anchor time: t(a) User time: t(u)
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Cooperative positioning

1. A reference frame

2. Reference points:
▶ Anchors
▶ Other users

3. Measurements ( )

⇒ User’s position ( )
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Cooperative positioning

Confidence ellipse
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Challenge 1: Is the problem solvable?

A single user:
d + C measurements to solve the problem
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Challenge 2: How to use the cooperative measurements?
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Table of contents

▶ Introduction

▶ Solvability of the cooperative positioning problem

▶ Filtering of cooperative measurements

▶ Discussion
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Example in 2D

a1

a2

a3

a4

x1 x2

2+C: Solvable
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Example in 2D without 1 satellite
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Example in 2D without 1 satellite and with cooperation

a1

a2

a3

x1 x2

1+C+1: (Un)solvable?
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Solvability test in bi-constellation (C = 2)
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Solvability test in mono-constellation (C = 1)
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Pseudorange constraints with three anchors
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Cooperative positioning
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To sum up: Solvable ⇔ Discrete solution set

a1

a2

a3
xu

Solvable

a1

a2

xu

Unsolvable
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Rigidity
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Pseudorange frameworks

1

2

3

Graph of constraints Γ

−5 0 5
−5
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5

x1, β1 x2, β2

x3, β3

Configuration p
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0

5

x1 x2

x3

Framework (Γ, p)

Pseudorange constraint: fP(p, uw) ≜ ∥xu − xw∥+ βw − βu = CST.
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Pseudorange infinitesimal rigidity (1/2)
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∇pfP(p, uw)⊺ ·
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δx
δβ

)
= 0
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Pseudorange infinitesimal rigidity (2/2)

fP(p, uw) ≜ ∥xu − xw∥+ βw − βu = CST

(xu − xw )⊺ (δxu − δxw ) + ∥xu − xw∥ (δβw − δβu) = 0

RP(Γ,p) =


x⊺
1 − x⊺

2 x⊺
2 − x⊺

1 0⊺ −d12 d12 0
x⊺
1 − x⊺

2 x⊺
2 − x⊺

1 0⊺ d12 −d12 0
x⊺
1 − x⊺

3 0⊺ x⊺
3 − x⊺

1 −d13 0 d13
0⊺ x⊺

2 − x⊺
3 x⊺

3 − x⊺
2 0 −d23 d23


=

[
RD(Γ,p) RS(Γ,p)

]
duw ≜ ∥xu − xw∥

x1

x2

x3

SP(N, d) ≜ SD(N, d) + N − 1
Definition:

(Γ,p) is infinitesimally rigid if
rankRP(Γ,p) = SP(N, d).

Leonard Asimow and Ben Roth. “The rigidity of graphs”. In: Transactions of the American
Mathematical Society 245 (1978), pp. 279–289
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Decompositions of the pseudorange graph
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Main result

RP(Γ, p) ∼
[
RD(GD ,p) RS(GD ,p)
RD(GS ,p) RS(GS ,p)

]

Theorem [C1]:

rankRP(Γ,p) = max
GD∪GS=Γ

rankRD(GD ,p) + rankRS(GS ,p)

[C1] Colin Cros et al. “Pseudorange Rigidity and Solvability of Cooperative GNSS Positioning”. In:
IEEE Transactions on Control of Network Systems (2024), pp. 1–12
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Corollaries
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Corollary 1 [C1]:

(Γ,p) Pseudorange-Rigid is a generic property of Γ.

Corollary 2 [C1]:

Γ Pseudorange-Rigid iff there exists a decomposition (GD ,GS) with GD Distance-Rigid
and GS connected.

[C1] Colin Cros et al. “Pseudorange Rigidity and Solvability of Cooperative GNSS Positioning”. In:
IEEE Transactions on Control of Network Systems (2024), pp. 1–12



26/46

Corollaries

RP(Γ,p) =


x⊺
1 − x⊺

2 x⊺
2 − x⊺

1 0⊺ −d12 d12 0
x⊺
1 − x⊺

2 x⊺
2 − x⊺

1 0⊺ d12 −d12 0
x⊺
1 − x⊺

3 0⊺ x⊺
3 − x⊺

1 −d13 0 d13
0⊺ x⊺

2 − x⊺
3 x⊺

3 − x⊺
2 0 −d23 d23


rankRP(Γ,p) = max

GD∪GS=Γ
rankRD(GD ,p) + rankRS(GS ,p)

Corollary 1 [C1]:

(Γ,p) Pseudorange-Rigid is a generic property of Γ.

Corollary 2 [C1]:

Γ Pseudorange-Rigid iff there exists a decomposition (GD ,GS) with GD Distance-Rigid
and GS connected.

[C1] Colin Cros et al. “Pseudorange Rigidity and Solvability of Cooperative GNSS Positioning”. In:
IEEE Transactions on Control of Network Systems (2024), pp. 1–12



26/46

Corollaries

RP(Γ,p) =


x⊺
1 − x⊺

2 x⊺
2 − x⊺

1 0⊺ −d12 d12 0
x⊺
1 − x⊺

2 x⊺
2 − x⊺

1 0⊺ d12 −d12 0
x⊺
1 − x⊺

3 0⊺ x⊺
3 − x⊺

1 −d13 0 d13
0⊺ x⊺

2 − x⊺
3 x⊺

3 − x⊺
2 0 −d23 d23


rankRP(Γ,p) = max

GD∪GS=Γ
rankRD(GD ,p) + rankRS(GS ,p)

Corollary 1 [C1]:

(Γ,p) Pseudorange-Rigid is a generic property of Γ.

Corollary 2 [C1]:

Γ Pseudorange-Rigid iff there exists a decomposition (GD ,GS) with GD Distance-Rigid
and GS connected.

[C1] Colin Cros et al. “Pseudorange Rigidity and Solvability of Cooperative GNSS Positioning”. In:
IEEE Transactions on Control of Network Systems (2024), pp. 1–12



27/46

Application with the initial example

Three types of constraints:

a1

a2
a3

x1 x2

Pseudorange constr.

a1

a2
a3

x1 x2

Distance constr.

a1

a2
a3

x1 x2

Synchronization constr.

Distance Rigid Graph + Connected Graph ⇒ Solvable Problem
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Take home message

1. To be able to track a network in the GNSS context, the graph of measurements
must be rigid. It must set the positions of the agents and synchronize their clocks.

2. A new rigidity theory adapted to the pseudorange measurements has been
developed.

3. Result: A pseudorange graph is rigid if and only if it can be decomposed into a
distance rigid graph and connected graph.
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Linearized model

Dynamics

xi (k + 1) = Fixi (k) + wi (k)

x̂i : estimation, x̃i ≜ x̂i − xi ,

P̃i ≜ E[x̃i x̃
⊺
i ]

Measurements

zi (k) =
(
z (auto)
i (k)⊺ z (coop)

i (k)⊺
)⊺

z
(auto)
i (k)= H(auto)

i x (auto)
i (k) + v (auto)

i (k)

z
(coop)
i (k)=

∑
j

H(coop)
i ,j x (coop)

j (k) + v (coop)
i (k)

a1

a2 a3

a4x1

x2
x3

x4

x5
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Filtering of an autonomous measurement

z1x̂1 a

P̃1

u

x̂F = x̂1 + K (z1 − u⊺x̂1)

P̃F = P̃1 −
P̃1uu⊺P̃1

σ2
1 + σ2

m

K =
P̃1u

σ2
1 + σ2

m

σ2
1 = u⊺P̃1u



31/46

Filtering of an autonomous measurement

z1x̂1 a

P̃1

u

x̂F = x̂1 + K (z1 − u⊺x̂1)

P̃F = P̃1 −
P̃1uu⊺P̃1

σ2
1 + σ2

m

K =
P̃1u

σ2
1 + σ2

m

σ2
1 = u⊺P̃1u



31/46

Filtering of an autonomous measurement

z1x̂1 a

P̃1

u

x̂F = x̂1 + K (z1 − u⊺x̂1)

P̃F = P̃1 −
P̃1uu⊺P̃1

σ2
1 + σ2

m

K =
P̃1u

σ2
1 + σ2

m

σ2
1 = u⊺P̃1u



31/46

Filtering of an autonomous measurement

z1x̂1 a

P̃1

u

x̂F = x̂1 + K (z1 − u⊺x̂1)

P̃F = P̃1 −
P̃1uu⊺P̃1

σ2
1 + σ2

m

K =
P̃1u

σ2
1 + σ2

m

σ2
1 = u⊺P̃1u



31/46

Filtering of an autonomous measurement

z1x̂1 a

P̃1

u

x̂F = x̂1 + K (z1 − u⊺x̂1)

P̃F = P̃1 −
P̃1uu⊺P̃1

σ2
1 + σ2

m

K =
P̃1u

σ2
1 + σ2

m

σ2
1 = u⊺P̃1u



31/46

Filtering of an autonomous measurement

z1x̂1 a

P̃1

u

x̂F = x̂1 + K (z1 − u⊺x̂1)

P̃F = P̃1 −
P̃1uu⊺P̃1

σ2
1 + σ2

m

K =
P̃1u

σ2
1 + σ2

m

σ2
1 = u⊺P̃1u



32/46

Filtering of a cooperative measurement

z1 x̂2x̂1

P̃2P̃1

u

Correlation

x̃i = x̂i − xi

0%

+50%

+100%

-50%

-100%

x̂F = x̂1 + K [z1 − u⊺ (x̂1 − x̂2)]

P̃F = P̃1 −

(
P̃1 − P̃12

)
uu⊺

(
P̃1 − P̃12

)⊺

σ2
1 + σ2

2 − 2γ12 + σ2
m

K =

(
P̃1 − P̃12

)
u
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2 − 2γ12 + σ2
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2 = u⊺P̃2u

γ212 = u⊺P̃12u
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Can we implement such a correction?
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Conservative fusion (1/2)

(x̂1, P̃1), . . . , (x̂N , P̃N) known.

x̂F (K ) =
∑

i Ki x̂i = Kx̂c with
∑

i Ki = I

P̃F = KP̃cK⊺ = P̃F (K , P̃c)

(x̂F (K ),BF ) conservative fused estimate
∀Pc ∈ A, P̃F (K ,Pc) ⪯ BF

P̃c =


P̃1 P̃12 · · · P̃1N

∗ P̃2 · · · P̃2N
...

. . .
. . .

...

∗ · · · ∗ P̃N

 unknown!

P̃c ∈ A ⊆
{
Pc ⪰ 0 | ∀i , Pi = P̃i

}
{

arg minK ,B J(B)
subject to: ∀Pc ∈ A, KPcK⊺ ⪯ B

Robin Forsling et al. “Conservative linear unbiased estimation under partially known covariances”.
In: IEEE Transactions on Signal Processing 70 (2022), pp. 3123–3135
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Conservative fusion (2/2)

{
Find K ,B

subject to: ∀Pc ∈ A, KPcK⊺ ⪯ B

1. Find Bc such that ∀Pc ∈ A, Pc ⪯ Bc.

2. Optimize K for Bc.

3. Set BF = KBcK⊺.

P̃F = KP̃cK⊺ ⪯ BF .
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Covariance Intersection


P̃1 P̃12 · · · P̃1N

P̃21 P̃2 · · · P̃2N
...

...
. . .

...

P̃N1 P̃N2 · · · P̃N

 ⪯


1
ω1

P̃1 0 · · · 0

0 1
ω2

P̃2
. . .

...
...

. . .
. . . 0

0 · · · 0 1
ωN

P̃N


with ωi ≥ 0 and

∑
i ωi = 1.

P̃1

P̃2

B−1
F =

∑
ωi P̃−1

i

B−1
F x̂F =

∑
ωi P̃−1

i x̂i

Simon J Julier and Jeffrey K Uhlmann. “A non-divergent estimation algorithm in the presence of
unknown correlations”. In: Proceedings of the 1997 American Control Conference. Vol. 4. IEEE. 1997,
pp. 2369–2373
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Exploiting the known components

x̂i = (I − KiH)F x̂−
i + Kizi ,

x̃i = (I − KiH) (F x̃−
i − wi ) + Kivi ,

x̃−
i : previous error,

wi : dynamical noise,

vi : measurement noise.

x̃i = x̃ (1)
i + x̃ (2)

i

(x̃ (1)
i , P̃(1)

i ) with unknown correlations

(x̃ (2)
i , P̃(2)

i ) with known second order moments

P̃c =


P̃(1)
1 P̃(1)

12 · · · P̃(1)
1N

∗ P̃(1)
2 · · · P̃(1)

2N
...

. . .
. . .

...

∗ · · · ∗ P̃(1)
N

+ P̃(2)
c + P̃(12)

c + P̃(21)
c
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Exploiting the known components
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Extended Split Covariance Intersection

x̂i = (I − KiH)F x̂−
i + Kizi , x̃i = (I − KiH) (F x̃−

i − wi ) + Kivi

P̃1

P̃2

CI

Without any structure

P̃1

P̃2

SCI

By considering the
independent components

P̃1

P̃2

ESCI

By considering the indep.
and common components

Simon J Julier and Jeffrey K Uhlmann. “Simultaneous localisation and map building using split
covariance intersection”. In: Proceedings 2001 IEEE/RSJ International Conference on Intelligent
Robots and Systems. Vol. 3. 2001, pp. 1257–1262
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Optimality for two estimators{
arg minK ,B J(B)
subject to: ∀Pc ∈ A, KPcK⊺ ⪯ B (P)

A =
{
P(1)
c + P̃(2)

c + P̃(12)
c + P̃(21)

c | P(1)
c ⪰ 0, P(1)

i = P̃(1)
i

}

Theorem [C2]:

For the fusion of 2 estimators, the ESCI
fusion provides a solution to (P).

P̃1

P̃2

[C2] Colin Cros et al. “Revisiting Split Covariance Intersection: Correlated Components and
Optimality”. In: IEEE Transactions on Automatic Control (2025), pp. 1–16
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Results: Qualitative
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Take home message

1. The integration of the cooperative measurements is complex due to the unknown
cross-covariances. To avoid the underestimation of the errors a solution is to use
conservative fusions.

2. We have extended the Split Covariance Intersection fusion in order to exploit the
common components of the errors. The new fusion provides tighter bounds.

3. We have proved that this fusion provides the optimal conservative bounds for the
fusion of two estimators.
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Uniqueness of the solution

Result:
Γ Pseudorange Rigid ⇔ ∃GD ∪ GS = Γ with GD Distance Rigid and GS connected.
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Filtering improvement: Diffusion Kalman Filtering

x̃i = x̃ (1)
i + x̃ (2)

i

Parameters sent:

Current algorithm:

▶ Estimator x̂i ;
▶ Covariance P̃i ;

▶ Covariance of the 2nd comp. P̃(2)
i .

Diffusion Kalman Filtering algorithm:

▶ Estimator x̂i ;
▶ Covariance P̃i ;

▶ Covariance of the 2nd comp. P̃(2)
i ;

▶ Information vector of the 2nd comp.

(P(2)
i )−1x̂ (2)

i .

Jinwen Hu, Lihua Xie, and Cishen Zhang. “Diffusion Kalman filtering based on covariance
intersection”. In: IEEE Transactions on Signal Processing 60.2 (2011), pp. 891–902
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Range-based positioning (Trilateration)

di = ∥ai − xu∥

a1 a2

a3

d3
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Pseudorange-based positioning

ρi = ∥ai − xu∥+ βu − βa

a1 a2

a3

ρ3
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Pseudorange-based positioning

ρi = ∥ai − xu∥+ βu − βa

a1 a2

a3

xu

∥xu − a∥βu − βa

ρ3
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Decompositions of pseudorange graphs
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Split Covariance Intersection (1/2)

Autonomous correction:

x̂i = (I − KiH) x̂ (pred)
i + Kizi , x̃i = (I − KiH) x̃ (pred)

i + Kivi

x̃i = x̃ (1)
i + x̃ (2)

i

(x̃ (1)
i , P̃(1)

i ) with unknown correlations

(x̃ (2)
i , P̃(2)

i ) uncorrelated (independent)

P̃c =


P̃(1)
1 + P̃(2)

1 P̃(1)
12 · · · P̃(1)

1N

P̃(1)
21 P̃(1)

2 + P̃(2)
2 · · · P̃(1)

2N
...

...
. . .

...

P̃(1)
N1 P̃(1)

N2 · · · P̃(1)
N + P̃(2)

N


Simon J Julier and Jeffrey K Uhlmann. “Simultaneous localisation and map building using split

covariance intersection”. In: Proceedings 2001 IEEE/RSJ International Conference on Intelligent
Robots and Systems. Vol. 3. 2001, pp. 1257–1262
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Split Covariance Intersection (2/2)

P̃c ⪯


1
ω1

P̃(1)
1 + P̃(2)

1 0 0

0
. . . 0

0 0 1
ωN

P̃(1)
N + P̃(2)

N


with ωi ≥ 0 and

∑
i ωi = 1.

B−1
F =

∑
ωi (P̃

(1)
i + ωi P̃

(2)
i )−1

B−1
F x̂F =

∑
ωi (P̃

(1)
i + ωi P̃

(2)
i )−1x̂i

P̃1

P̃2

CI

P̃1

P̃2

SCI
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Extended Split Covariance Intersection

Bc(ω) = B(1)
c (ω) + P̃(2)

c + P̃(12)
c + P̃(21)

c

B−1
F = H⊺Bc(ω)−1H , H = 1N ⊗ I ,

B−1
F x̂F = H⊺Bc(ω)−1x̂c

x̃i = x̃ (1)
i + x̃ (ind)

i + Miw ,

P̃c = P̃(1)
c + P̃(ind)

c + McQM⊺
c .

Same complexity as for the SCI fusion.

P̃1

P̃2

SCI

P̃1

P̃2

ESCI
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Estimation algorithm

Agent
j ∈ Ni

Agent i

Sensor

Sensor

Conversion

Update

Fusion
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z(c)i,j (k)z(a)i (k)

z(a)i (k)

x̂i (k|k)

x̂Fi (k|k − 1)

x̂ ji (k|k − 1)

x̂(a)j (k|k)

x̂(a)i (k|k)x̂i (k|k − 1)

x̂i (k − 1|k − 1)

k
←

k
+

1
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Results: Quantitative
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Results: Quantitative
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